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&1 Introduction

§1 Introduction

Throughout my talk

@ A a commutative Noetherian ring

@ /,J ideals of A

@ /= [1**:a1"] the Ratlifi-Rush closure of /
>0

@ R(I) = A[lt] C A[t] the Rees algebra of /

Note that
o I§/~and T]QU

@ / C1, ifgradey/ >0

@ If JC | and Jis a reduction of /, then J~§ .
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&1 Introduction

The projective scheme
ProjR(I) = {P € SpecR(l) | P is a graded ideal, P 2 R(/);}

of R(!I) defines the blowup of Spec A along V/(/).

Theorem 1.1 (Goto-Matsuoka, 2005)

Let (A,m) be a two-dimensional RLR, /I = m. Then TFAE.
(1) I=T.

(2) ProjR(!) is a normal scheme.
When this is the case, R(l) has FLC, Hay(R(1)) = R(T)/R(I), and

R()isCM <+ 1=1.
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&1 Introduction

@ The notion of Rees algebra R(/) can be generalized to the module M,
which is defined as

R(M) = Sym4(M)/t(Syma(M)).

@ The Rees algebra of M includes the multi-Rees algebra, which corresponds
to the case where M =1L S LGB --- P I,.

@ The application to equisingularity theory needs this generalization ([2, 3]).

Question 1.2
Can we generalize Theorem 1.1 to the case of modules?
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§2 Preliminaries

§2 Preliminaries

Setting 2.1
@ A a Noetherian ring
@ M a finitely generated A-module
@ F=A% (r>0)st. MCF

Look at the diagram

31 Sym(i)
Sym ,(M) 2y Symu(F) = Altita,...,t] =S
M i F
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§2 Preliminaries

The Rees algebra R(M) of M is defined by

R(M) = Im(Sym(i)) € S = Alts, to,...,t]

P wm.

n>0

Definition 2.2
For Vn > 0, we define

and call it the integral closure of M".
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§2 Preliminaries

Proposition 2.3
ForVn > 0, we have

In particular, M= (MiS)1 CF.

More precisely, x € M satisfies
x"+eox" 4+ 4¢,=0 in S

where n >0, ¢; € M for 1 < Vi < n.
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§2 Preliminaries

Lemma 2.4

Suppose that ranka M = r. Then Q(R(M)) = Q(S). Moreover, if A is a normal
domain, then QR(M))

R(M) R(M)

Proof.
Look at the diagram

Q(A) ®4 Sym(M) = Q(A) @4 S

T Sym(i) 1

Sym,(M) -
We get
0 — t(Syms(M)) — Symy(M) - R(M) — 0
which yields
Q(A) @a S = Q(A) ®a Symp(M) = Q(A) @4 R(M).

]
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§3 Ratlifi-Rush closure of modules

§3 Ratliff—~Rush closure of modules

Setting 3.1
@ A a Noetherian ring
@ M a finitely generated A-module
@ F=A% (r>0)st. MCF
® R(M) = Im(Sym4(M) — Sym,(F)) € Sym4(F)

We set a = R(M); = @,.oM", S = Sym,(F), and

R(M) =t (HO(S/R(M))) € §

where ¢ : S = S/R(M).

Naoki Taniguchi (Waseda University) On Ratliff-Rush closure of modules March 17, 2018



&3 Ratliff-Rush closure of modules

Definition 3.2
For Vn > 0, we define

Fﬂ

and call it the Ratlif~Rush closure of M".

Definition 3.3 (Liu, 1998)

Suppose that A is a Noetherian domain. Then M is defined to be the largest
A-submodule N of F satisfying

@ MCNCF,
@ M"™ = N" for Vn > 0.

Remark 3.4
These definitions coincide, when A is a Noetherian domain.
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&3 Ratliff-Rush closure of modules

Proposition 3.5
For¥n > 0, we have

Mn — U [(MP) 0 (MP)E] = (m) .

n
£>0

In particular
M= J M M = (W)

1
£>0

Corollary 3.6
Suppose that M is a faithful A-module. Then

for Vn > 0. Hence
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&3 Ratliff-Rush closure of modules

Definition 3.7 (Buchsbaum-Rim, 1964, Hayasaka-Hyry, 2010)

Suppose that (A, m) is a Noetherian local ring with d = dim A. Then M is called
a parameter module in F, if

@ (A(F/M) < o0,
@ M C mF, and
(*] MA(M):d+r—1.

Proposition 3.8

Suppose that (A,m) is a CM local ring with d = dim A > 0. Let M be a
parameter module in F. Then

M =M.
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&3 Ratliff-Rush closure of modules

Example 3.9
Let A = k[[X, Y]]. Set

= {(5) () () r-en

Then M is a parameter module in F and M =M.

Example 3.10
Let R = k[[X,Y,Z, W]]. Set

A=R/(X,Y)N(Z,W), Q=(X—-2ZY—W)A.

Then 6 = Q.
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§3 Ratlifi-Rush closure of modules

Proposition 3.11
Suppose that L = Axy + Axp + -+ - + Axy (C M) is a reduction of M. Then

M = U [/\/I"Jrl F A"+ AR+ + AXg")] .
n>0

Corollary 3.12
If L is a reduction of M, then
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§3 Ratlifi-Rush closure of modules

Remark 3.13
The implication

does NOT hold in general.

Example 3.14 (Heinzer-Johnston-Lantz-Shah, 1993)

We consider
A= K[[£3, t*]] C K[[t]], |= (%), and J=(t'},t"?).

Then J C 1, but J & 1.
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&3 Ratliff-Rush closure of modules

The following is the key in our argument.

Proposition 3.15

Suppose that M is a faithful A-module. Then the following assertions hold.
(1) MP = (M)" = M" for¥n > 0.
(2) Let N be an A-submodule of F s.t. M C N. Then TFAE.
(i) NCM.
(i) M’ = N* for 3¢ > 0.
(iiil) M"™ = N" forVn > 0.
(iv) M =N..

3) M =M.
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&3 Ratliff-Rush closure of modules

Let us note the following.

Lemma 3.16

Suppose that (A, m) is a Noetherian local ring. If M = F, then M = F.
In particular, if M # F and M is faithful, then M # F.

Proof.

Suppose M # F and choose a counterexample M so that r = ranka F > 0 is as
small as possible. Then M C mF. Therefore

F=MCmF=mF =mF

so that F = mF, which is a contradiction. O
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§3 Ratlifi-Rush closure of modules

In what follows, we assume
@ (A, m) a Noetherian local ring with d = dim A

® F =A% (r>0)
@ (0)#£ M C F sit. a(F/M) < oo

Then 3 bri(M)eZ (0<i<d+r—1)s.t.

d+r—1 .
: +d+r—i-1
Ca(FrHY ML) = —1) - bry(M) - "

AP = 3 () - ("9
for Vn > 0.

The integer br;(M) is called the i-th Buchsbaum—Rim coefficient of M.
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§3 Ratlifi-Rush closure of modules

Set

S={NCF|MCNCF, bri(M)=bri(N) for 0 <Vi<d+r—1}.
Proposition 3.17
Suppose that M is a faithful A-module. Then

MecS and NCM for YN€ES.

Hence M is the largest A-submodule N of F s.t.
@ MCNCF,
@ bri(M)=nbri(N)for0<Vi<d+r—1
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§4 Main Results

84 Main Results

Setting 4.1
@ (A,m) a two-dimensional RLR, |A/m|= co
@ M = (0) a finitely generated torsion-free A-module
@ (—)* =Homa(—, A)
@ F=M*=A% st la(F/M) < o0
@ R(M) the Rees algebra of M
o M =mR(M) + R(M),
@ ProjR(M) = {P € SpecR(M) | P is a graded ideal, P 2 R(M).}

Note that dimR(M) = r + 2 and

M7 = (M)

for Vn > 0.
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§4 Main Results

The main result of my talk is stated as follows.

Theorem 4.2
TFAE
(1) M
(2) Mn = M7 for¥n > 0.
(3) M" = M" for 3n > 0.
(4) M" = M" forVn > 0.
(5) ProjR(M) is a normal scheme.
(6) R(M)p is normal for YP € Spec R(M) \ {M}.
When this is the case, R(M) has FLC, Hyy(R(M)) = R(M)/R(M), and
R(M) is CM <> M= M.
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§4 Main Results

Proof of Theorem 4.2

(1) = (4) Note that M" = (M)” for Vn > 0. Then

M = (M)" = (M)" = M".
(4) = (3) Obvious.
(3) = (1) Suppose M" = M" = (M)" for 3n > 0. Then (M)"! = pmn+1,
Therefore o o o
McC ML (M) =ML e MTCM CM
which yields M = M.
(1) = (2) We have (M )" = (M)" for ¥n > 0. Then

as desired.
(2) = (1) Obvious.
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§4 Main Results

Theorem 4.2
TFAE.
(1) M =M
(2) M7 =M for¥n > 0.
(3) M" = M~ for 3n > 0.
(4) M" = M" for¥n>> 0.
(5) ProjR(M) is a normal scheme.
(6) R(M)p is normal for VP € Spec R(M) \ {9m}.
When this is the case, R(M) has FLC, Hyy(R(M)) = R(M)/R(M), and
R(M) is CM <= M= M.
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§4 Main Results

( ) 6) Suppose M" = M" for ¥n>> 0. Let C = R(M)/R(M). Then

= ((()) for n>> 0, so that C is finitely graded. Therefore
a™-C=(0), m™-C=(0)

for 3 m> 0. Thus M C \/(0)7C and hence

Suppr(m) € C {M}.

Consequently, for VP € Spec R(M) \ {9}, R(M)p = R(M)p is normal.
(6) = (5) Obvious.
(5) = (4) Let C =R(M)/R(M). We can check that

aC+/(0): C

whence C is finitely graded. Hence M" = M7 for Vn > 0.
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§4 Main Results

Choose a parameter module L in F s.t. L is a reduction of M. Then

(M?=1L-M
so that R(M) is a CM ring. Therefore
Han(R(M)) 2= R(M)/R(M), Hgy(R(M)) = (0) for Vi#1,r+2.
Hence R(M) has FLC and

R(M)isa CMring <= HL(R(M)) = (0)
< (M)"= M" for ¥n >0

which complete the proof.
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§4 Main Results

Corollary 4.3
Suppose that M £ F and M =M. Then

bri(M) = brg(M) — a(F/M), br(M)=0 for 2<Vi<r+1

and

Ca(F™ /()™ = bro(M) - (” fi? 1) — bry(M) - (” f r) for \n > 0.

Naoki Taniguchi (Waseda University) On Ratlifi~Rush closure of modules March 17, 2018 27 / 36



85 Application

§5 Application

We maintain the notation as in Setting 4.1.

Theorem 5.1
TFAE.

(1) R(M) is a Buchsbaum ring and M = M.

(2) R(M) is a Buchsbaum ring and ProjR(M) is normal.
(3) mMC M and M- M= M>.

When this is the case,

Han(R(M)) = [Hyn(R(M))], = M/M

and M" = M" for¥n > 2.
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§5 Application

Example 5.2
Let A= K[[X, Y]]. Set

I = (X, X3Y2 XY® Y8) and M=I1@ICF=AQA.

Then M = M, but R(M) is not Buchsbaum.

Example 5.3
Let A= Kk[[X, Y]]. Set

L= (X% X3Y2 X4Y3 X3Y* XY, Y8, L= (X% X*Y2 X3Y3, XY® Y)

and
M=LohCF=A®A.

Then M = M and R(M) is a Buchsbaum ring.
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§5 Application

Corollary 5.4

Suppose that R(M) is a Buchsbaum ring and M =M. Then, for VI C Aan
ideal of Ast. /I =m and [ = I,

R(I-M) is a Buchsbaum ring.

In particular, R(m*M) is a Buchsbaum ring for V¢ > 0.
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§5 Application

Corollary 5.5
Let My, My # (0) be finitely generated torsion-free A-modules. We set
Fr=(M)™, F=(M)™

and
M=MeM CF=FRaFkF,.
Then TFAE.

(1) R(M) is a Buchsbaum ring and M = M.
(2) R(M;) is a Buchsbaum ring, M; = M; (i=1,2), and

My My =My - My = My - M.
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§5 Application

Corollary 5.6
Suppose that R(M) is a Buchsbaum ring and M =M. Then

R(N) is a Buchsbaum ring and N = N.

for all direct summand N of M.

Corollary 5.7
Suppose that R(M) is a Buchsbaum ring and M =M. Then

R(M®Y) is a Buchsbaum ring and [V vED

for V¢ > 0.
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§5 Application

Example 5.8
Let A= k[[X, Y]] and k an infinite field. Set

=02 () CE).(3) ()62 ()

Then M =M, R(M) is a Buchsbaum ring, and M is indecomposable.
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§5 Application

We set
F(M)=A/m@sR(M) =2 R(M)/mR(M)

and call it the fiber cone of M.

Note that
dimF(M) =r+1.

Theorem 5.9
Suppose that R(M) is a Buchsbaum ring and M = M. Then

F(M) is a Buchsbaum ring.
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§5 Application

Thank you so much for your attention.
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